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Off-shell Bethe ansatz for the XXZ7 vertex model and
solution of the trigonometric Knizhnik—-Zamolodchikov
equations

H M Babuyjianfi

Institut fitr Theoretische Physik, Freie Universitit Berlin, Arnimallee 14, D-14195 Berlin,
Germany

Received 1 Angust 1994

Abstract. We prove that the wavevector of the off-shell Bethe ansatz equaton for the
inhomogeneous XXZ vertex mode! in the quasiclassical limit gives the solution of the
teigonometric Knizhnik—Zamolodchikov equation. We also observe that this solution is
the quasiclassical limit of the solution of the quantum Knizhnik-Zamolodchikov equation
corresponding to Uq(ﬁg).

1. Introduction

Conformal field theory describes the critical behaviour of the two-dimensional physical
systems, many of which are exactly integrable. In this case we have found the structure
connected to the Yang-Baxter equation, which guarantees exact integrability. Usually the
exact integrable homogeneous vertex model and its connection with the conformal field
theory [4] or guantum field theory [5] has been considered. The next step in understanding
this connection is the investigation of the inhomogeneous vertex models. Here we consider
the inhomogeneous vertex model, where to each vertex we associate two parameters: the
global spectral parameter A and the disorder parameter z. The vertex weight matrix 0
depends on A — z. Hence the transfer matrix of the vertex model now depends on the
disorder parameters z;.¢{ = 1,..., . Due to the additivity of the spectral parameter,
transfer matrices with different values of spectral parameters commute which each other
[1], which means that the model is integrable. If we have some rational solution of the
Yang-Baxter equation 3(A; n) and the transfer matrix T(A|{z}), then by construction of the
algebraic Bethe ansatz [6) we have an equation

TGRUZDPGL, ... Al{zh) = AL AL L Al R (., Aellzh) —Z{f’_i: (1)
a=1 o

where
B, ... hlZD =800, . Az, 20D
is a Bethe wavevector and
q)n‘ = (P(A.], ...,Au-l,k,ka+1,...,;\.mlzl,...,zN).
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Furthermore, Fo(A1, ..., Amlze, ... 2x) and AR, Ay, ..., Anl2Z1, ..., Zx) are some func-
tions and x5 is a Planck-type parameter, such that %(A; 0) = I ® I; this means that ® is
a unit operator at the n = O point. In the Bethe ansatz we impose the condition Fy = 0
and after this we have the exact eigenvalue problem such that the vector @ becomes an
eigenvector and A an eigenvalue of T(A]z), respectively. In fact the condition Fp = 0 is
the mass-sheli condition. If we keep all the ‘unwanted’ terms in (1), then the vector & in
general satisfies the equation (1). We call equation (1) the off-shell Bethe ansatz equation
{0SBAE). In [7-9] we have constructed the solution of the Knizhnik—Zamolodchikov equa-
tion, which is the differential equation for the N-point correlation function W(zs, ..., zx)
in the WzNw theory [10]

Ki-"l—‘— = 3 _____rf ® v

= 2
8u Hu—u @

using the OSBAE (1) in the quasiclassical limit, when n — 0. In this limit we have
the off-shell Bethe ansatz problem for the Gaudin theory of non-local magnets [2,3]
Hk,k= 1,...,NI

N & a
ol O

Hy=) *—, 3)
Tk Tk — L

In(2yand (3) the 7, a = 1, ..., dim(®), represent the generators of the simple Lie algebra
® and act non-trivialy in the representation spaces V!,i = 1,..., N. The vector-valued
function W(z;, ..., Zy) is the correlation function of the primary fields in the WZNW theory
and W(z;,...,zn) € VI ®...® V¥, The solution of (2) as in [11] is

Wz, ....zwd) = % : %X(llZ)fP(llZ)dlh PPNt {4}

Here p(Alz) = @(Xy, ..., Anl21, ..., 2xn) is the quasiclassical limit of the Bethe wavevector
D1, ...y AmlZ1, ..., Zn) In the sense that

q)(llv ---1A-ml11, ---szN) d (2’?)""}9(}\11 "'slmlz[’ ----:ZN) (5)

and in fact it is the Bethe wavevector for Gaudin magnets (3), but off mass shell. The scalar
function x(Alz) = x{A1,..., Aml21.--., Zy} 18 constructed from the quasiclassical limit of
the A(A ==z, A1, ..o Aml2r, o ozwnk=1,...,.N and Folh, oo, Amlzey -0 Zy). This
representation of the N-point correlation function in WZNW theory shows a deep connection
between the inhomogeneous vertex models and the wzNw theory. The understanding of this
fine structure seems to provide us with new knowledge of exact integrability and conformal
field theory in two dimensions. The application of this method in the case of trigonometric
and elliptic solutions of the Yang—Baxter equation is also interesting in connection with
the quantum Knizhnik—Zamolodchikov equation [12-14]. In this paper we consider the
trigonometric solution of the Yang—Baxter equation and the corresponding trigonometric
Knizhnik-Zamolodchikov equation [15]. More precisely, we replace in equation (2) the
right-hand side, which corresponds to the rational Gaudin magnet (3), by the analogous
expression of the trigonometric Gaudin [2,3] magnet (38). Here we construct the off-
shell Bethe ansatz equation for the XXZ inhomogeneous vertex model (section 2) and in
the quasiclassical limit (section 3} we construct the solution of the trigonometric Knizhnik—
Zamolodchikov equation (section 4). In section 5 we observe that the solution thus obtained
is the quasiclassical limit of the solution of the quantum Knizhnik~Zamolodchikov equation
corresponding to U,(si2).



Off-shell Bethe ansatz for the XXZ vertex model 77155
2. Inhomogeneous XXZ vertex model

The solution of the inhomogeneous XXZ vertex model is completely analogous to the
homogeneous case, We briefly describe this use of the results in [16,17]. We use three
types of M-matrices: M!2, %2 and M2 acting in V, @ V,, V, ® V, and V, @ V,. These
M-matrices satisfy the followmg three types of Yang-Baxter equations:

Moz (h — IR CORT () = RORZPWIRG )
B2 — wRPONRE = RBEORBORZG - ) )
RIEZGRPO + wRP (u) = RBRPA + w)RP0). (8)

In (6), M12(2) is a solution with dimV, = 2, which is the well known XXZ spin-half
R-matrix [3]

3
R0 = W' @ P+ 1Y W/ @ of )
i=i
Wo(h) = Zcos(n)_ sin(A + )
sin{2n)
sin(n) cos(r + 1)
Wy =2 oo
? sin(27) 19
Wi=W,=1.

Here I, I? are unit operators and o, = (0. 03, 03) are the Pauli matrices acting on the first
and second subspaces, respectively. The matrix %2 is given as

3
=0

In {11) op = { is the unit operator and the operators /; are given as follows:
_ cos(2ns8%) . sin(2n5%)
= Zcos(m) T "2siny)
I, =1 +il, = 5" f(§ I.=I5 +ilh = f(5)§

$9 = sin(25(83 + s + 1)) sin(2n{s — S*))
19 = sm(Zn) (S 454+ Dis -85
In fact J3, f} and J_. are the generators of the s{,(2) algebra and together with fy they form
the generators of the Sklyanin algebra [18]. In (11), R!2(%) acts on the space V, ® V; and
Sa = (81, $5, 53) are the matrices of the SU(2) algebra in arbitrary dimension, which means
that dimV, = 25 + 1 and S,5, = s(2s + 1). It is possible to find RI*(A) from (7) by a
recurrence relation, This fR-matrix was found in explicit form in [19]. Now let us introduce

the disorder parameters z;, ..., zy and as usual consider the monodromy operator {6]
Jzy =RW (i —zp), ... R (L - 20 (12)
T(Az) = troJ (A|2). (13)

Here the trace is taken in the auxiliary space V, and is denoted as trp. It is convenient to
rewrite R'2(1) and J(A|z) as matrices in the auxilary space V;:

2 + 250 2
mn.\‘(k) = ( i ¥ Wil (14)
X 21y — 2%k
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_{ AMz) B2
Jz) = ( Cilz) DOz) )
In (14) we redefined the M,, (A), dividing by Wp(A)/2. From equation (6} we then have

R~ w)(NAZ) ® Llulz)) = (B(rlz) ® K2R — 1) (16)

(13)

and also

[T(Alz), T{ul2)] = 0. (17)
In (15) we introduced M'*(A) = PIZR!Z(L), where P'? is the permutation operator.
Rewriting (16) in components, we get the commutation relations between the elements
J(A|z). We need the following:

[A(AlZ). A(p|2)] = [D(z), D(pl2)] =0

18
(BG2), Blul)] = [CQU), Cluln)] = 0 (1%)

1 . _bo-w
Alplz)BAz) = =) BA|2)A{p)z) =) B{ulz)A(Alz)  (19)
_ _b(u—4)
D(ulz)B(Alz) = = A)B(XIZ)D(MIZ) TS B(ulz)D(Alz)  (20)
where
__sin{2p) _sin(d)
P =Gt Yo metrom (20
Using these commutation relations we find the off-shell Bethe ansatz equation (OSBAE):
n F,d,
TP, A2} = AL M, AP0,y Amlz) — ;m (22)
Here ®(A1,..., An|z) is the Bethe wave vector
PO, ooy k) =[] BIDIR) (23)
=i
N
1) =]]®s.s)  Ss.s)=sls,s) (24)
=1

and O, = PA, ... ke, A ey - -5 Aglz). The functions A and Fy are defined as
follows:
N

ARy, el =T

i=]

sin(h — z; + 51 + 25;)) 1—"1[ sin{Ag — A+ 27)
cos(n) sin{A — z; + 1) sin{A, — A)

=1

lﬂl sin(A — z; - n(1 —2s,-))1'"-[ sin(A — Aq +21) 25)
i costmsin(A —zr+m) o7 sin(h =)
: X sin(hy — 2, + 71 4 25)) 7 sin(hg — Ag ~ 29)
Faliae- - nle) =sinC) [Ty I e =
N . m
, sin(Ay — 2; + {1 + 25)) 7 sin(Ay — Ag + 2n)
— . 26
s |yt —wtm LL e —3) @)

The next step in the Bethe ansatz would consist of imposing the vanishing of the ‘unwanted’
term in {(22) such that F, = 0. The Bethe ansatz equations F, = 0 classify the eigenvalues
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and eigenvectors of the T(A|z). One can say that when the Bethe ansatz equations F, = 0
are satisfied. the wavefunction is on mass shell. If the conditions F, = 0 are not imposed,
then, in general, we have equation (22), and the Bethe wavefunction is off mass shell. In
this case, as in the rational situation [8-9], we call equation (22) the off-shell Bethe ansatz
equation (OSBAE).

3. 0sBAE and Gaudin magnets

By quasiclassical expansion one commonly performs the expansion of the vertex weight
(X, n) around some point ng, such that R12(A, o) = 7' @ I* [20]. One can parametrize
1. such that np = 0. It is easy to calculate the quasiclassical expansion of R.,(1). From
{11)<12) we have

MRy =1'® I + r'2(AM) + 0 7

o} ® ST+ ol @ 53 + cos(A)o} @ §3]. (28)

2
12 _
T = sin{A) [

The r'2(A) is the classical r-matrix and satisfies the classical Yang-Baxter equation

[r 200 — @), PP + B + P B, rP (] = 0. (29)
Let us introduce Jy(A) = J(Oh = z|z), Th = T(h = zglz) and Ay = A(A =
Zi ALy ooy Apl2). From (12)—(15) and using (27)-(28) we find the quasiclassical expansion
of all the objects in the OSBAE:
N .
Te=2+87) ~———[5] @S] + 5} ® 57 +cos(zx ~ 2)8; ® S]]+ O(*)  (30)
= sinfz; — 27)

N m
Ar =248y z.wcsf cot(z; —z,) + 8n ZS" cot(hy — zx) + O(n%) {31)

ik a=I
=8y Zcot(k — Ag) — 85 Z 5; cot(hg — 2.} + O(%) (32)
fau]
2y _ 2
B(A|2) = 27 Z S——(A—J—) + O(r) = 21S™(A) + O(r) (33)
B = z) = 257 +0(n) (34)
(M., Aal2) = @) [T S~ (IR + 0™ (35)
=1
O = (20)"7'287 [T 57 (Ag) + O™, (36)
B

After setting A = z; in (22), then using (31)-(37) and combining the terms proportional to
n™+! we find the quasiclassical limit (the first non-trivial consequence)} of the OSBAE (22):

nt

JuS¢ ¥4
= hyp — —_—t . 37
Hyp = hyp ;Sm(zk_ ™ (37)
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Here the operators H; are the Gaudin [2,3] non-local magnets:

N 1

Hi=Y —— [S1®S! + 5 ®5 +cos(ze —2:)5; ® 7). 38
A #stm(zk—z,-)[" : (w—w)S;®S]. (38)
In (37) we introduced the new notations
N m
hi= Y sksicotz — 5) + ) Sk CotQha — 24) (39)
ik ‘ =]
[ N
fo= D cot(hg —Ag) = I 5 COtlha — 20) (40)
pa i=1
m
oy = [ 18~ (Radl2). 1)
w=l

In (37} we also introduced ¢ = S~ (Ay)9,. The equations (37)—(41)} reproduce the Gaudin
[2,3] resuits, which he found considering the spectral problem for the set of non-local
commuting Hamiltonians Hy. If in (37) we impose the condition f;, = 0, then we obtain
¢ as eigenvecior of the operators Hy with eigenvalues k. The parameters Ay, ..., Ay have
to be found from the quasiclassical Bethe ansatz equations f, = O.

4. Trigonometric Knizhnik—Zamolodchikov equation

Let us introduce the function x{(A|z) = x{A;. ..., Arl21, ..., Zx), as in the rational case
[7-91, obeying the following differential equations
dx
R N
K azj JX (42)
ax
2 -F 43
£3 ™ Sax (43)
where x 15 some constant. The zero-curvature conditions are fulfilled:
dh;  8fa
re 3z’ (44)
The solution of the equations (42),(43) is given by
N m
x(z) = [ Jisintz — 203/ [ (sinta — 20)"* [ [(sin(zx — A, )75, (45)
1] af ky
As in the rational case, we define the vector-function W{z;, . .., zy) through multiple contour
integrals as follows:

Wiz, ..o 2n) = % .. %x(l[z)w(}.[z)dki e odi, (46)

Here the integrations are to be taken over some cycles. Now it is easy to show that the
vector-function (46) is a solution of the trigonometric Knizhnik—Zamolodchikov equation
[15]:

K== Hk v, (47)
9z
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Here H, are the Gaudin trigonometric Hamiltonians (38). Substituting (46) into the
Knizhnik—Zamolodchikov equation (47), using OSBAE (37) and (42),(43) and finally by
taking into account the relation
" -
do __ ._a___‘.gi?or__ (48)
Bzy E={ Bhg sin(Ay — 2k)

we find the equation

Z% 95 E} [sm(z.e - AaJ] i dn =0 (49)

It is evident that this equation is satisfied because the contours are closed

5. Quantum Kpizhnik-Zamolodchikov equation

The quantum Knizhnik—Zamolodchikov equation was introduced in [13] as a difference
equation for the correlation function of the interwining operators and in [12] also as a
difference equation for the form factor in integrable massive field theory. In formal language
it is a difference equation for the vector-valued function f(zj,...,zy) € VH,..., Vi,
where V¥ is a representation space of the U, (®). In this section we analyse the connection
between the solution of the quantum Knizhnik—Zamolodchikov equation corresponding
to U,,.(Ef_(_‘ﬁ) with our solution of the trigonometric Knizhnik—Zamolodchikov equation.
The quantum Knizhnik-Zamolodcikov equation is the system of the following difference
equations {13, 14}

flan,oogte,an) = A aw) iz zw) (50)
where the operators A; acting on V!, ..., V' are given by
Aj(zi ) =R g — g k)L /(g — 1 ), 29,
mile(Zj —Znh -.-,fﬁ“f‘“ (z; —Zj-i-])- (51)

In (50),(51) « is some constant, $"% () satisfies the Yang—Baxter equation (8), but the
spaces 1, 2, 3 in general are different. The matrices Z) are defined as follows:

(Z'® 2™, ®im()] = 0. (52)
In [14] the solution of the quantum Knizhnik~Zamolodchikov (50 was written as the
following Jackson-type integral:

Fn o= ) gD, .., hnl2) (53)

where ®(A), ..., Anlz) is the Bethe wavevector (23) and the function g(A|z) is given as

g(Alz) = ]_[ P (z; ~ ;) ]_[ ]"[ D" (he — ) [] Qhe — Ag)exp (ch ) (54)

AT i=1 a=1 aFtf
Whenaill; = 1,i =1, ..., ¥, such that the case that all the Sp_lE‘S_‘EIB half in our language,
the functions P%%(x), D% (x) and Q(x) corresponding to U, (s{(2)) satisfiy the following
difference equations [14]:

exp(ix) — qz

-1
exp{ix) — 1 77 D) (53)

Dix +«) =
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gexp(ix) — explix + &) — 1

Qx +1) = g lexp(ix + ) —g exp(ix) — 1 QW) (56)
S
Py =TSRG 50y J 7)

exp(ix) ~ 1
Hwepute =ncand g = exp(fi(:;)Z) in (55)-(57), and after we take the limit n — 0, we
obtain the differential equations
x%)- = %%%%D(x) (58)
K =S 00) (59)
ST P

The solutions are given as
D(x) = (sin(x/2)) "
Q(x) = (sin(x/2))**
P(x) = (sin(x/2))7*. (61)

In equation (54) it is necessary to make the choice ¢ = ¢'57 and then to take the limit n — 0.
So from (54) and (61) we conclude that in the quasiclassical limit we have

8(Alz) = x(Alz) (62)
where x(Alz) is given by (45). Taking into account that the Bethe wavevector
DA, ..., Amlz) in the quasiclassical limit is of the form (35), we conclude that in the

quasiclassical limit the solution of the quantum Knizhnik-Zamolodchikov equation is equal
to the solution of the trigonometric Knizhnik~Zamolodchikov equation (46) in the sense
that

Sz oozn) = )" Wiz, ... 2w (63)

In general, the quasiclassical limit of the solution (53) of the quantum Knizhnik-
Zamolodchikov equation is connected with the solution of the trigonometric Knizhnik-
Zamolodchikov equation as given by Cherednik [15]

Z rui (2 — 20V (64)
92 i#k
where ry; (L} 18 a classical r-matrix. In order to find a solution of equation (64) in our
language it is necessary to use the OSBAE for the 7, (1) constructed from the solution M, ()
(8). MNote that the T,(A) obey the equation [T (1), T;(42}] = 0 and that they have the same
Bethe wavevector ®{A,, ..., Axlz1, ..., Zx8).

6. Conclusion

In this paper we have constructed a solution of the trigonometric Kniznik-Zamolodchikov
equation with use of the OSBAE for the inhomogeneous XXZ vertex model. The solution
obtained here is the quasiclassical limit of the solution to the quantum Knizhnik-
Zamolodchikov equation corresponding to Uq(slz) From this observation we conclude
that all Bethe wavevectors, which satisfy the OSBAE, generate the solutions of the quantum
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Knizhnik—Zamolodchikov equation. In the quasiclassical limit, when the Bethe wavevectors
become equal to the Bethe wavevectors for the Gaudin magnets, they generate the solutions
of the usnal (undeformed) Knizhnik—Zamolodchikov equation (rational, trigonometric, and
elliptic). It is intriguing to understand the physical meaning of this fine structure. Why
do Bethe wavevectors for the inhomogenecus vertex model lead to the solution of the

Knizhnik—Zamolodchikov equations {(usval and deformed)? (During the preparation of this

paper we learned that a similar result (when all the spins 5; = 2,i = 1, ..., N) was obtained

5
in [21].)
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